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INVARIANT GENERALIZED COMPLEX GEOMETRY
ON MAXIMAL FLAG MANIFOLDS
ELIZABETH GASPARIM, FABRICIO VALENCIA, CARLOS VAREA
Abstract. We describe moduli spaces of invariant generalized complex structures and moduli
spaces of invariant generalized Ka¨hler structures on maximal flag manifolds under B-transformations.
We give an alternative description of the moduli space of generalized complex structures using
pure spinors, and describe a cell decomposition of these moduli spaces induced by the action
of the Weyl group.
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1. Introduction
Generalized complex geometry is a theory that allows us to treat both complex and symplectic
geometry within a single framework. This theory was first introduced in Hitchin’s seminal paper
[H] where the notion of generalized complex structure was presented as a geometric structure
on even-dimensional manifolds which allows for generalizations of the notions of Calabi–Yau
manifold, symplectic manifold, and Ka¨hler manifold. Further results were then developed
by Gualtieri [G3] and Cavalcanti [Ca2]. Currently, generalized complex geometry plays an
important role in applications to various aspects of string theory, see for instance [Gr] and
[BLPZ], and to problems related to mirror symmetry and T-duality [CG2].
The aim of this paper is to study some geometric properties of all invariant generalized
complex structures on maximal flag manifolds which were determined by the third author
and San Martin in [VS]. Other examples of generalized complex structures constructed using
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Lie theory can be found in [CG1] were the authors gave a classification of all 6-dimensional
nilmanifolds admitting generalized complex structures and in [AD] were the authors described
a regular class of invariant generalized complex structures on a real semisimple Lie group.
Let G be a semisimple Lie group with Lie algebra g. A maximal flag manifold of G is a
homogeneous space F = G/P where P is a Borel subgroup of G. If U is a compact real form
in G then U acts transitively on F so that we can also identify the homogeneous space with
F = U/T where T = P ∩U is a maximal torus in U . In this paper we will deal with generalized
complex structures on F that are U -invariant with respect the adjoint action. Because of
invariance, these structures are completely determined by their values at the origin b0 of F.
Thus, every invariant generalized almost complex structure is determined by an orthogonal
complex structure J : n− ⊕ (n−)∗ → n− ⊕ (n−)∗ that commutes with the adjoint action of T on
n− ⊕ (n−)∗. Here we denote by n− := Tb0F =
∑
α∈Π+ uα where uα = (gα ⊕ g−α) ∩ u with u the
Lie algebra of U and gα the root space associated to α ∈ Π
+.
The paper is divided as follows. In section 2 we review some elementary facts about gener-
alized complex geometry which we will use throughout the paper. In section 3 we introduce
invariant generalized complex structures on maximal flags. For each root space, the space of
such structures consists of a 2-dimensional family of structures of noncomplex type parametrized
by a real algebraic surface in R3 plus two extra points corresponding to 2 structures of complex
type. We summarize the necessary and sufficient conditions found in [VS] for an invariant gen-
eralized almost complex structure to be integrable. In section 4 we describe the natural action
of the Weyl group associated to a root system on the space of all invariant generalized almost
complex structures on a maximal flag. We show that the integrability condition is preserved
by this Weyl action; see Proposition 4.2.
Section 5 is devoted to studying the effects of the action by B-transformations on the space
of invariant generalized almost complex structures. We prove that, for every root space, any
generalized complex structure which is not of complex type, is a B-transform of a structure of
symplectic type. We also show that the two generalized complex structures of complex type
are fixed points for the action induced by B-transformations. Adapting these results to the
general case and denoting by Ma(F) the quotient space obtained from the set of all invariant
generalized almost complex structures modulo the action by B-transformations, we obtain:
Theorem (5.15). Suppose that |Π+| = d. Then
Ma(F) =
∏
α∈Π+
Mα(F) = (R
∗ ∪ ±0)α1 × · · · × (R
∗ ∪ ±0)αd ,
where αj ∈ Π
+. Moreover, Ma(F) admits a natural topology such that it contains an open dense
subset (R∗)d parametrizing all invariant generalized almost complex structures of symplectic type
and there are exactly 2d isolated points corresponding to the structures of complex type.
For every subset Θ of a simple root system Σ of g with |Θ| = r, we will show a natural way
of defining an r-dimensional family inside M(F) of invariant generalized complex structures on
F of type k = d − |〈Θ〉+| (see Lemma 5.18). This will be called a Θ-cell and denoted by cr. If
W denotes the Weyl group and for every w ∈ W we denote by w · ci the Θ-cell of dimension i
determined by w ·Θ, we prove:
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Theorem 1.1 (5.20). The moduli space of invariant generalized complex structures on F admits
the following cell decomposition:
M(F) =
d⊔
i=1
⊔
w∈W
w · ci.
Let ω denote the Kirillov–Kostant–Souriau symplectic form on F. Let J be an invariant
generalized almost complex structure on F. We decompose the set of positive roots as Π+ =
Θnc⊔Θc where J restricted to a root space is of noncomplex type for all α ∈ Θnc and of complex
type for all α ∈ Θc. We get:
Proposition (5.24). The invariant pure spinor line KL <
∧•(n−)∗ ⊗ C associated to J is
generated by
ϕL = e
∑
α∈Θnc
(Bα+iωα)
∧
α∈Θc
Ωα,
where
• Bα = −
aα
xα
S∗α ∧ A
∗
α and ωα = −
kα
xα
ωb0 |uα with kα =
1
2i〈H,Hα〉
for all α ∈ Θnc, and
• Ωα ∈ ∧
1,0u∗α defines a complex structure on uα for all α ∈ Θc.
An invariant pure spinor ϕ˜L ∈
∧k T ∗F⊗ C determined by J can be defined as
ϕ˜Lx(X1(x), · · · , Xk(x)) = ϕL(Ad(g
−1)∗,xX1(x), · · · ,Ad(g
−1)∗,xXk(x)),
for x = gT ∈ F = U/T with g ∈ U .
In section 6 we classify all invariant generalized Ka¨hler structures on F (see Corollary 6.8)
and then show:
Proposition (6.9). Let (J, J′) be an invariant generalized Ka¨hler structure on F. Then there
exist a simple root system Σ for g and a subset Θ ⊆ Σ such that Jα and J
′
α are simultaneously
of noncomplex type for each α ∈ 〈Θ〉+ and of complex type for each α ∈ Π+\〈Θ〉+.
We denote by Ka(F) ⊂ Ma(F) ×Ma(F) the set of all invariant generalized almost Ka¨hler
structures on Fmodule the diagonal action byB-transformations. If ∆∗ = {(x, x) ∈ R2 : x 6= 0}
is the punctured diagonal in R2, we have:
Theorem (6.16). Suppose that |Π+| = d. Then
Ka(F) =
∏
α∈Π+
Kα(F) = (∆
∗ ∪ ±(0, 0))α1 × · · · × (∆
∗ ∪±(0, 0))αd .
We also note that the natural action of the Weyl group preserves invariant generalized Ka¨hler
structures; see Proposition 6.17. Finally, in section 7 we give some instructive examples using
the root space decomposition of sl(n,C).
2. Background on generalized complex geometry
In what follows we review some fundamental facts about generalized complex geometry which
we will use throughout the paper. The notions that we will introduce can be found in [H], [G1],
[G2]. Given an n-dimensional vector space V over R, the space V ⊕ V ∗ can be equipped with
the indefinite inner product 〈·, ·〉 of signature (n, n) given by
〈X + ξ, Y + η〉 =
1
2
(ξ(Y ) + η(X)). (1)
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A subspace L ⊂ V ⊕ V ∗ is called maximal isotropic if its dimension is n and 〈v, u〉 = 0 for all
v, u ∈ L. If ∆ is a vector subspace of V and ε ∈
∧2∆∗, it is easy to check that regarding ε as
a skew map ε : ∆→ ∆∗ via X 7→ iXε, the space
L(∆, ε) = {X + ξ ∈ ∆⊕ V ∗ : i∗(ξ) = ε(X)},
is a maximal isotropic subspace of V ⊕ V ∗. Actually, every maximal isotropic subspace of
V ⊕ V ∗ is of the form L(∆, ε). Indeed, if L ⊂ V ⊕ V ∗ is maximal isotropic then L = L(∆, ε)
where ∆ = π2(L) and ε : ∆ → ∆
∗ is defined as X 7→ π2(π
−1
1 (X) ∩ L). Here π1 and π2 denote
the projections from V ⊕V ∗ onto V and V ∗, respectively. To verify the last affirmations notice
that since L is maximal isotropic Ann(∆) = L ∩ V ∗ and ∆∗ = V ∗/Ann(∆).
The integer k = dim Ann(∆) = n − dimπ1(L) is an invariant associated to any maximal
isotropic subspace of V ⊕ V ∗.
Definition 2.1. The type of a maximal isotropic subspace L ⊂ V ⊕ V ∗ is the codimension k
of its projection onto V .
The Lie algebra of infinitesimal isometries of (V ⊕ V ∗, 〈·, ·〉), denoted so(V ⊕ V ∗), may be
identified with the space so(V ⊕ V ∗) =
∧2(V ⊕ V ∗) = End(V )⊕ ∧2 V ∗ ⊕ ∧2 V . Consequently,
every element B ∈
∧2 V ∗ can be viewed as ( 0 0B 0
)
∈ so(V ⊕ V ∗), and then we consider
eB = exp(B) =
(
1 0
B 1
)
∈ SO(V ⊕ V ∗). (2)
This is an orthogonal transformation sending X + ξ 7→ X + ξ+ iXB, called a B-transformation.
As these maps preserve the projections to V , they do not affect ∆ and
exp(B)L(∆, ε) = L(∆, ε+ i∗B), (3)
where i : ∆ →֒ V is the natural subspace inclusion. Therefore, B-transformations do not change
the type of a maximal isotropic subspace.
The action of V ⊕ V ∗ on
∧• V ∗ given by
(X + ξ) · ϕ = iXϕ+ ξ ∧ ϕ (4)
extends to a spin representation of the Clifford algebra CL(V ⊕ V ∗) associated to the natural
indefinite inner product 〈·, ·〉. Accordingly, we refer to the elements of
∧• V ∗ as spinors.
Definition 2.2. A spinor ϕ is pure when its null space
Lϕ = {X + ξ ∈ V ⊕ V
∗ : (X + ξ) · ϕ = 0},
is maximal isotropic. The real subspace KL generated by ϕ over R in
∧• V ∗ is called the pure
spinor line generated by ϕ.
Identity (3) implies that every maximal isotropic subspace L(∆, ε) may be expressed as the
B-transform of L(∆, 0) for some B chosen so that i∗B = −ε. The pure spinor line with null
space L(∆, 0) is precisely det(Ann(∆)) ⊂
∧k V ∗ where k is the codimension of ∆ ⊂ V .
Proposition 2.3. [C] Let L(∆, ε) ⊂ V ⊕ V ∗ be a maximal isotropic subspace, let (θ1, . . . , θk)
be a basis for Ann(∆), and let B ∈
∧2 V ∗ be a 2-form such that i∗B = −ε, where i : ∆ →֒ V is
the natural subspace inclusion. Then the pure spinor line KL representing L(∆, ε) is generated
by
ϕL = exp(B) θ1 ∧ · · · ∧ θk.
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These notions extend to the complex case, that is, when L ⊂ (V ⊕ V ∗) ⊗ C is a maximal
isotropic subspace with respect to the indefinite inner product 〈·, ·〉 extended to (V ⊕ V ∗)⊗C;
see [G1].
Let us now consider an n-dimensional smooth manifold M . The vector bundle TM :=
TM ⊕ T ∗M can be endowed with a natural indefinite inner product on sections of signature
(n, n) given by
〈X + ξ, Y + η〉 =
1
2
(ξ(Y ) + η(X)). (5)
Definition 2.4. [H],[G1] A generalized almost complex structure onM is a map J : TM → TM
which defines an isometry of (TM, 〈·, ·〉) and satisfies J2 = −1. It is said to be integrable if its
+i-eigenbundle L ⊂ TM ⊗ C is involutive with respect to the Courant bracket
[X + ξ, Y + η] = [X, Y ] + LXη − LY ξ −
1
2
d(iXη − iY ξ).
It is simple to check that a maximal isotropic subbundle L of TM (or TM ⊗ C) is Courant
involutive if and only if N|L = 0, where N denotes the Nijenhuis tensor
N(A,B,C) =
1
3
(〈[A,B], C〉+ 〈[B,C], A〉+ 〈[C,A], B〉). (6)
It is important to notice that a manifoldM which admits a generalized almost complex structure
is necessarily even dimensional.
Let J be a generalized almost complex structure on M . As J is an isometry with respect to
the indefinite inner product (5), the +i-eigenbundle L is an isotropic subbundle of TM ⊗ C,
and as such it can be expressed as the Clifford annihilator of a unique line subbundle KL of the
complex spinors for the metric bundle TM . The fact that its annihilator is maximal isotropic
implies that KL ⊂
∧• T ∗M ⊗ C is by definition a pure spinor line.
The bundle
∧• T ∗M of differential forms can in fact be viewed as a spinor bundle for TM ,
where the Clifford action of an element X + ξ ∈ TM on a differential form ϕ is given by (4). It
is simple to check that (X + ξ)2ϕ = 〈X + ξ,X + ξ〉ϕ. Therefore, the canonical bundle KL may
be viewed as a smooth line subbundle of the complex differential forms satisfying the relation
L = {X + ξ ∈ TM ⊗ C : (X + ξ) ·KL = 0}.
At every point x ∈ M , the line KL is generated by a complex differential form ϕ of special
algebraic type which is determined by Proposition 2.3. Purity of the spinor ϕ is equivalent to
the fact that it has the form
ϕ = exp(B + iω) θ1 ∧ · · · ∧ θk, (7)
where B, ω are the real and imaginary parts of a complex 2-form, and (θ1, · · · , θk) are lin-
early independent complex 1-forms spanning Ann(∆) where ∆ = π1(L). Here π1 denotes the
projection from TM ⊗ C onto TM ⊗C; see [C].
The number k is called the type of J and it is not required to be constant along M . Points
where the type is locally constant are called regular. If every point in M is regular then J is
called regular. The type may take values from k = 0 to k = n.
A generalized almost complex structure J on M determines a decomposition of
∧•(T ∗M ⊗C)
into eigenspaces of the Lie algebra action of J, that is, the ik-eigenbundles of J acting in the
spin representation; see [G1]. These spaces can be concretely described as follows. For a given
−n ≤ k ≤ n, let
Un−k :=
∧
kL ·KL,
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where KL is the pure spinor line determined by J and · denotes the Clifford action of
∧• L.
For the following examples we consider a 2-form B onM , acting by B-transformations whose
definition (2) extends naturally to manifolds. This is said to be a B-field transformation when
B is closed as well. Since identity (3) implies that a B-transformation does not affect the
projections to TM ⊗ C, it preserves type. For more details see [G1].
The following are some basic types of generalized complex structures, see [G1].
Example 2.5 (Symplectic type k = 0). Given an almost symplectic manifold (M,ω) (that is,
ω is a nondegenerate 2-form on M , not necessarily closed) we get that
Jω =
(
0 −ω−1
ω 0
)
,
defines a generalized almost complex structure on M . Such structure is integrable if and only
if ω is closed, in which case we say this is a generalized complex structure of symplectic type.
We have that Jω determines a maximal isotropic subbundle L = {X−iω(X) : X ∈ TM⊗C}
and a pure spinor line generated by ϕL = exp(iω). This generalized almost complex struc-
ture has type k = 0, constant through M . Thus, we may transform this example by a B-
transformation and obtain another generalized almost complex structure of type k = 0 as
follows:
e−BJωe
B =
(
1 0
−B 1
)(
0 −ω−1
ω 0
)(
1 0
B 1
)
=
(
−ω−1B −ω−1
ω +Bω−1B Bω−1
)
,
e−B(L) = {X − (B + iω)(X) : X ∈ TM ⊗C},
ϕe−BL = e
B+iω.
By (7) we see that any generalized complex structure of type k = 0 is a B-transform of an
almost symplectic structure. Recall that if ω is closed, then Jω is integrable. It is simple to
check that the generalized almost complex structure obtained through B in this way is also
integrable if and only if B is closed. We will refer to e−BJce
B as a B-symplectic generalized
complex structure.
Example 2.6 (Complex type k = n). If (M,J) is an almost complex manifold, we have that
Jc =
(
−J 0
0 J∗
)
,
defines a generalized almost complex structure on M , which is integrable if and only if J is
integrable in the classical sense. We refer to such a generalized complex structure as being of
complex type. This generalized almost complex structure has type k = n, constant through M .
We have that Jc determines a maximal isotropic subbundle L = TM0,1 ⊕ TM
∗
1,0 ⊂ TM ⊗ C
where TM1,0 = TM0,1 is the +i-eigenspace of J and a pure spinor line generated by ϕL = Ω
n,0
where Ωn,0 is any generator of the (n, 0)-forms for the almost complex manifold (M,J). This
example may be transformed by a B-transformation
e−BJce
B =
(
−J 0
BJ + J∗B J∗
)
,
e−B(L) = {X + ξ − iXB : X + ξ ∈ TM0,1 ⊕ TM
∗
1,0},
ϕe−BL = e
BΩn,0.
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Remark 2.7. Any generalized complex structure of type k = n is a B-transform of a complex
structure, see [G1]. Moreover, if Jc is integrable, then e
−BJce
B is integrable if and only if B is
closed.
Definition 2.8. [G2] A generalized almost Ka¨hler structure onM is a pair (J, J′) of commuting
generalized almost complex structures such that G := −JJ′ defines a positive definite metric
on TM . If moreover both J and J′ are integrable we say that the pair (J, J′) is a generalized
Ka¨hler structure. The corresponding metric on TM given by
G(X + α, Y + β) = 〈J(X + α), J′(Y + β)〉
is called a generalized Ka¨hler metric.
Example 2.9. Assume that (M,J, ω) is a Ka¨hler manifold satisfying the conditions of both
Examples 2.5 and 2.6. This means that J is a complex structure on M and ω is a symplectic
form of type (1, 1), satisfying ωJ = −J∗ω, which implies that JcJω = JωJc. It is simple to check
that
G = −JcJω =
(
0 g−1
g 0
)
,
defines a positive definite metric on TM , therefore (Jc, Jω) is a generalized Ka¨hler structure on
M . Here g denotes the Riemmanian metric on M induced by the formula g(X, Y ) = ω(X, JY ).
3. Invariant generalized complex structures
We are interested in exploring the properties of the invariant generalized complex structures
on maximal flags found by the third author and San Martin in [VS]. With this in mind we set
up some terminology.
Let G be a semisimple Lie group with Lie algebra g and h ⊂ g be a Cartan subalgebra of g.
If Π denotes the set of roots of the pair (g, h) we can write
g = h⊕
∑
α∈Π
gα,
where gα = {X ∈ g : [H,X] = α(H)X, ∀H ∈ h} denotes the respective complex 1-dimensional
root space.
We denote by 〈·, ·〉 the Cartan–Killing form on g and fix a Weyl basis of g which amounts to
taking Xα ∈ gα such that 〈Xα, X−α〉 = 1 and [Xα, Xβ] = mα,βXα+β with mα,β ∈ R, m−α,−β =
−mα,β , and mα,β = 0 if α+ β is not a root.
Let Π+ be a choice of positive roots and Σ be the corresponding set of simple roots. The
Borel subalgebra corresponding to Π+ is b = h⊕
∑
α∈Π+ gα and we use the notation
n− =
∑
α∈Π+
g−α and n
+ =
∑
α∈Π+
gα.
A subalgebra p is parabolic if b ⊂ p. If P denotes the normalizer of p in G then the homogeneous
space F = G/P will be called a flag manifold.
Definition 3.1. A maximal flag F = G/P is a flag manifold such that b = p.
Every maximal flag manifold can also be seen as the quotient F = U/T where U is a compact
real form in G and T is a maximal torus in U .
Example 3.2. When g = sl(n,C) we have the following data:
ι. The Cartan–Killing form 〈X, Y 〉 is equal to 2n times the form tr(XY ).
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ιι. A canonical choice for a Cartan subalgebra h is the set of diagonal matrices.
ιιι. With this choice of h, the roots are the linear functionals αij(diag(λ1, · · · , λn)) = λi−λj
for i 6= j. It is simple to check that gαij are the subspace generated by the elements
given by the matrices Eij (with 1 in the i, j entry and zeros elsewhere).
ιν. The compact real form of sl(n,C) is su(n), the real Lie algebra of anti-Hermitian matri-
ces.
ν. H ∈ h is regular if and only if its eigenvalues are all distinct.
νι. Flag manifolds: Let F(n1, · · · , ns) be the set of all increasing sequences {V1 ⊂ · · · ⊂ Vs}
of complex vector subspaces of Cn with dimVj = nj and n1 < n2 < · · · < ns = n. The
set F(n1, · · · , ns) has the structure of a homogeneous space
F(n1, · · · , ns) ≈
SU(n)
S(U(d1)× · · · × U(ds))
≈ Ad(SU(n))(H),
where di = ni − ni−1 with n0 = 0, the element H = diag(iλ1Id1 , · · · , iλsIds) ∈ t with
λi 6= λj for i 6= j and d1λ1 + · · ·+ dsλs = 0 .
All flag manifolds of SU(n) are given by such quotients, and are determined by the
choices of integers ni. These are also all the flag manifolds of SL(n).
In the particular case when ni = i for all 1 ≤ i ≤ n − 1, we then have that T =
S(U(1) × · · · × U(1)) (n times) is a maximal torus and Lie(T ) = t. Then the quotient
has structure of homogeneous space
F(1, 2, · · · , n− 1) ≈
SU(n)
S(U(1)× · · · × U(1))
≈ Ad(SU(n))(H),
where H = diag(iλ1, · · · , iλn) ∈ t with λi 6= λj for i 6= j and λ1+ · · ·+λn = 0. The flags
F(1, 2, · · · , n − 1) are called maximal flags or full flags and in this work we concerned
ourselves only with those.
From now on, we will consider only maximal flag manifolds. Accordingly, using the Cartan–
Killing form we may identify the tangent and cotangent spaces of F at the origin b0 with
Tb0F = n
− and with T ∗b0F = n
+, respectively.
Since the Cartan–Killing form restricted to h is nondegenerate, for every root α ∈ h∗ there
exists a unique Hα ∈ h such that α = 〈Hα, ·〉. The real vector space generated by the H
′
αs with
α ∈ h∗ will be denoted by hR. Let u be the compact real form of g which is given by
u = R{ihR, Aα, Sα : α ∈ Π
+},
where Aα = Xα−X−α and Sα = i(Xα+X−α). If U = exp(u) is the corresponding compact real
form in G, then we may write F = U/T where T = U∩P is a maximal torus in U . Alternatively,
F = Ad(U)(H) the adjoint orbit of a regular element H of the Lie algebra t of T which remains
fixed throughout the paper. In the latter case we are identifying H with the origin b0. Under
this identification Tb0F =
∑
α∈Π+ uα where uα = (g−α ⊕ gα) ∩ u.
It is also simple to see that the adjoint representation of U induces a natural action on F.
The authors in [VS] determined those generalized almost complex structures on F which are
U -invariant. Because U -invariant geometric structures on F are completely characterized by
their value at the origin b0 of F, it was sufficient to find all maps J : n
− ⊕ (n−)∗ → n− ⊕ (n−)∗
that are isometries with respect to 〈·, ·〉, satisfy J2 = −1, and commute with the adjoint action
of T on n− ⊕ (n−)∗. Note that in this case the indefinite inner product given in (5) is just the
Cartan–Killing form.
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Aiming to describe the form of these invariant generalized almost complex structures on F,
we identify u ∼= u∗ and uα ∼= u
∗
α by means of the Kirillov–Kostant–Souriau (KKS) symplectic
form on Ad(U)(H) which at b0 is given by
ωb0(X˜, Y˜ ) = 〈H, [X, Y ]〉,
for all X, Y ∈ u and where X˜ = ad(X) denotes de fundamental vector field associated to X
with respect to the adjoint action. The elements of u∗α will be denoted by A
∗
α and S
∗
α where
X∗ =
1
2i〈H,Hα〉
ω(X˜, ·).
With this notation {−S∗α, A
∗
α} is a dual basis for {Aα, Sα}. As a first consequence of these
identifications we get that for triples of roots α, β, γ ∈ Π+, the Nijenhuis tensor (6) can be
rewritten as
N(A,B,C) =
1
12
(kγ〈H, [C2, [A1, B1]]〉+ kα〈H, [A2, [B1, C1]]〉+ kβ〈H, [B2, [C1, A1]]〉), (8)
where A = A1 + A
∗
2 ∈ uα ⊕ u
∗
α, B = B1 + B
∗
2 ∈ uβ ⊕ u
∗
β, C = C1 + C
∗
2 ∈ uγ ⊕ u
∗
γ, and
kα =
1
2i〈H,Hα〉
for all α ∈ Π+.
Remark 3.3. [VS] Invariant generalized almost complex structures J on F are those whose
restriction to uα ⊕ u
∗
α have the form either
±J0 = ±

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0
 := ±
(
−J0 0
0 J∗0
)
complex type,
or else
Jα =

aα 0 0 −xα
0 aα xα 0
0 −yα −aα 0
yα 0 0 −aα
 :=
(
Aα Xα
Yα −Aα
)
noncomplex type,
with aα, xα, yα ∈ R such that a
2
α = xαyα − 1.
Thus, we obtain a concrete description of all invariant generalized almost complex structures
on F as follows. Consider the set Ma of all invariant generalized almost complex structures on
the maximal flag F. For a fixed root α ∈ Π+, let Mα be the restriction of Ma to the subspace
uα ⊕ u
∗
α.
Lemma 3.4. Mα is a disjoint union of:
ι. a 2-dimensional family of structures of noncomplex type, parametrized by the real alge-
braic surface cut out by a2α − xαyα = −1 in R
3, and
ιι. 2 extra points, corresponding to the complex structures ±J0.
Remark 3.5. Note that while points appearing in item ι. satisfy a2α−xαyα = −1, points appearing
in item ιι. correspond to matrices that have entries 11, 14, and 41 all zero, so that the same
polynomial expression would give a2α − xαyα = 0. Thus, the 2 extra points do not belong to
the closure of the given surface. Alternatively, we can also see that, if Mα is endowed with
the induced topology from 4x4 matrices (or R16), it is not possible to construct a sequence of
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Jα Jβ Jα+β
± J0 J0 J0
± J0 −J0 J0
± J0 −J0 −J0
± Jα J0 J0
± J0 Jβ J0
± J0 −J0 Jα+β
Jα Jβ Jα+β
Table 1. Integrability conditions
points appearing in item ι. which converges to a point from item ιι. Hence, these 2 extra points
are isolated points with either the natural topology of Mα induced from 4x4 matrices, or else
from the topology induced by the embedding in R3.
Notation 3.6. For each α ∈ Π+ we will denote by Jα the restriction of an invariant generalized
almost complex structure J to uα ⊕ u
∗
α.
The maximal invariant isotropic +i-eigenspace L of (n−⊕(n−)∗)⊗C associated to an invariant
generalized almost complex structure J can be written as a sum L =
⊕
α∈Π+ Lα, where
Lα =
{
L±0 = C{Aα ∓ iSα, A
∗
α ∓ S
∗
α} if Jα = ±J0
Lα = C{xαAα + (aα − i)A
∗
α, xαSα + (aα − i)S
∗
α} if Jα = Jα.
(9)
Recall that a generalized almost complex structure J is integrable when the Nijenhuis tensor
restricted to the +i-eigenbundle of J vanishes. Integrability depends just on what happens with
triples of the form (Jα, Jβ, Jα+β) associated to positive roots (α, β, α + β). This is so, because
for the case of triples of the form (α, β, γ) such that γ 6= α + β the Nijenhuis tensor vanish
automatically. Accordingly, we obtain that J is integrable if and only if for all positive roots
which triple (Jα, Jβ, Jα+β) corresponds to one of the rows appearing in Table 1 where, for the
last row, additional conditions (10) are required:{
aα+βxαxβ − aβxαxα+β − aαxβxα+β = 0
xαxβ − xαxα+β − xβxα+β = 0.
(10)
These statements were obtained by direct computation of the Nijenhuis tensor N |Lαβ where
Lαβ = Lα ∪ Lβ ∪ Lα+β, taking into account that for each α ∈ Π
+ the space Lα can be either
L±0 or Lα. For more details see [VS].
If J is an invariant generalized complex structure, the set Π+J composed by the elements
α ∈ Π such that Jα is of complex type with Jα = J0 together with the elements α ∈ Π such
that Jα is of noncomplex type with xα > 0, is a choice of positive roots with respect to some
lexicographic order in h∗R. We will denote by ΣJ the simple root system of g associated to Π
+
J .
We also denote by 〈Θ〉 the smallest subset of Σ containing Θ which is closed for addition, thus,
if α, β ∈ 〈Θ〉 and α+ β is a root, then α+ β ∈ 〈Θ〉. Furthermore, we denote 〈Θ〉+ := 〈Θ〉 ∩Π+.
We will use the following results:
Theorem 3.7. [VS] If J is an invariant generalized complex structure on F, then there exists
a subset Θ ⊆ ΣJ , such that Jα is of noncomplex type for each α ∈ 〈Θ〉
+ and of complex type for
each α ∈ Π+\〈Θ〉+.
Conversely,
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Theorem 3.8. [VS] Let Σ be a simple root system for g and consider Θ ⊆ Σ. Then there exists
an invariant generalized complex structure J on F such that Jα is of noncomplex type for each
α ∈ 〈Θ〉+ and of complex type for each α ∈ Π+\〈Θ〉+.
4. Effects of the action by the Weyl group
Similarly to what happens in the classical case of invariant almost complex structures on flag
manifolds (see [SN]), we can describe the effects of the action by the Weyl group on the set of
invariant generalized almost complex structures on F.
Let W be the Weyl group generated by reflections with respect to the roots α ∈ Π. It
is well known that action of W on h∗ leaves Π invariant and W ≃ NU(h)/T where NU(h)
represents the normalizer of h in U with respect the adjoint action. The group NU(h) acts
on n− ⊗ C, and consequently on (n− ⊕ (n−)∗) ⊗ C, by permuting the root systems. Thus, if
J : n− ⊕ (n−)∗ → n− ⊕ (n−)∗ is an invariant generalized almost complex structure on F then
w · J · w−1 := (Ad⊕Ad∗)(w) ◦ J ◦ (Ad⊕Ad∗)(w−1) (11)
is also an invariant generalized almost complex structure of the same type as J, where w is any
representative of the class w in NU(h). Here we are using the fact that Ad(w) is an isometry
with respect to the Cartan–Killing form. Since w · J · w−1 does not depend on the choice of
representative w, we may use it for inducing a well defined action of the Weyl group W on the
set of invariant generalized almost complex structures on F. Now, note that J and w · J · w−1
are isomorphic as almost complex structures, that is, because the following diagram commutes
n− ⊕ (n−)∗
J

f(w)
// n− ⊕ (n−)∗
w·J·w−1

n− ⊕ (n−)∗
f(w)
// n− ⊕ (n−)∗
where f(w) := (Ad⊕Ad∗)(w). We will denote the action given in (11) by w · J.
Remark 4.1. When we say that NU(h) leaves invariant the set of roots associated to h by
permuting it, we mean that for α ∈ Π we get that w · α := α ◦ Ad(w) ∈ Π. This is because
Ad(w) is an automorphism. It is easy to check that the root space associated to the root
α ◦ Ad(w) is gw·α = Ad(w
−1)gα. Therefore, we have that
uw·α ⊕ u
∗
w·α = (Ad⊕Ad
∗)(w−1)(uα ⊕ u
∗
α).
If J =
⊕
α∈Π+ Jα we can get an explicit description of the action (11). Given w ∈ W we have
that
w · J =
⊕
α∈Π+
w · Jα
=
⊕
α∈Π+
(Ad⊕Ad∗)(w) ◦ Jα ◦ (Ad⊕Ad
∗)(w−1)
=
⊕
α∈Π+
Jw−1·α,
where w−1 · α = α ◦ Ad(w−1).
It is well known that if Σ is a simple root system of g then for each w ∈ W the set w · Σ :=
{α ◦ Ad(w−1) : α ∈ Σ} defines another simple root system of g. We will denote by w · Π+ the
INVARIANT GENERALIZED COMPLEX GEOMETRY ON MAXIMAL FLAG MANIFOLDS 12
corresponding set of positive roots associated to w · Σ. It is simple to check that every triple
of roots (α, β, α+ β) must be sent, by the action of the Weyl group, into one of the following
possibilities: (α, β, α + β), (−β, α + β, α), (−α, α + β, β), (α,−α − β,−β), (β,−α − β,−α),
(−α,−β,−α− β).
Proposition 4.2. Let Σ be a simple root system for g with Π+ the corresponding set of positive
roots. If J is an invariant generalized complex structure on F, then w·J defines another invariant
generalized complex structure on F of the same type.
Proof. We know that J is integrable if and only if for each triple of positive roots (α, β, α+ β)
we have that (Jα, Jβ, Jα+β) corresponds to one of the rows of Table 1. If Jα = ±J0 is of complex
type then J−α = ∓J0 and if Jα = Jα is of noncomplex type with Jα =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα

then J−α is also of noncomplex type where a−α = aα, x−α = −xα, and y−α = −yα (see
[VS]). Therefore, a straightforward computation allows us to show that (Jγ1 , Jγ2, Jγ3), where
(γ1, γ2, γ3) is one of the six possibilities given above, corresponds to one of the rows of Table 1.
It is important to notice that the identities a−α = aα and x−α = −xα imply that the systems
obtained when Jγ1 , Jγ2 and Jγ3 are of noncomplex type are equivalent to system (10). 
Remark 4.3. As consequence of Theorem 3.7 and Proposition 4.2 we have that, up to the action
of the Weyl group an invariant generalized complex structure J on F satisfies (see also [VS]):
ι. if Jα is of noncomplex type then xα > 0, or
ιι. if Jα is of complex type then Jα = J0.
5. Moduli space of generalized almost complex structures
The aim of this section is to classify all invariant generalized almost complex structures on
a maximal flag F up to invariant B-transformations. As a consequence we will then give an
explicit expression for the invariant pure spinor line associated to each of these structures. We
will see that when we restrict the set of all invariant generalized almost complex structures to
a specific subspace uα ⊕ u
∗
α, then using B-transformations, all structures of noncomplex type
can be obtained from structures of symplectic type. Hence, modulo B-transformations there
remain only structures of either complex or symplectic types on uα ⊕ u
∗
α.
Now we explore the concept of moduli space of generalized almost complex structures using
B-transformations. Let M be a smooth manifold and consider the set
B := {eB : B ∈ Ω2(M)}.
It is simple to check that B is a group with the natural commutative product
eB1 · eB2 =
(
1 0
B1 1
)(
1 0
B2 1
)
= eB1+B2 .
If Ω2cl(M) denotes the set of closed 2-forms, then Bc = {e
B : B ∈ Ω2cl(M)} is a subgroup of B.
Let Ma (resp. M) be the set of all generalized almost complex structures (resp. generalized
complex structures) on M . It is easy to see that the map B ×Ma → Ma given by e
B · J :=
e−BJeB is a well-defined action of B onMa. The same expression allows us to give a well-defined
action of Bc on M.
We will deal with the following concept:
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Definition 5.1. The moduli space of generalized almost complex structures on M is defined
as the quotient space Ma :=
Ma
B
which is determined by the action above. The moduli space
of generalized complex structures on M is defined in a similar way as M :=
M
Bc
.
Remark 5.2. Every orbit in Ma is composed of generalized almost complex structures of the
same type.
We will describe these moduli spaces in the case of invariant generalized complex structures
on a maximal flag manifold F. For this we consider differential 2-forms that are invariant by
the adjoint representation.
5.1. Effects of the action by invariant B-transformations. Consider an invariant gener-
alized almost complex structure J on a maximal flag F and let α be a positive root.
Remark 5.3. Suppose that Jα is of noncomplex type with aα = 0, then Jα is of symplectic type.
Indeed, the condition xαyα = 1 and the identity [Aα, Sα] = 2iHα imply that
Jα =
(
0 −ω−1α
ωα 0
)
,
where ωα =
(
0 −1/xα
1/xα 0
)
= −
kα
xα
· ωb0 |uα. Here ωb0 denotes the KKS symplectic form on
n− and kα =
1
2i〈H,Hα〉
.
Recall that the maximal isotropic subspace Lα associated to Jα is determined by (9). If πα
denotes the projection from uα ⊕ u
∗
α onto uα, then ∆α = πα(Lα) is
∆α =
{
C{Aα ∓ iSα} if Jα = ±J0
C{xαAα, xαSα} if Jα = Jα.
Moreover
Ann∆α =
{
C{A∗α ∓ iS
∗
α} if Jα = ±J0
{0} if Jα = Jα
,
since Ann∆α = Lα ∩ u
∗
α and u
∗
α = C{−S
∗
αA
∗
α}. Therefore
dimRAnn∆α =
{
2 if Jα = ±J0
0 if Jα = Jα.
This suggests that Jα = ±J0 has complex type, which is something that we already knew,
but more importantly it suggests that Jα = Jα has symplectic type, that is, every invariant
generalized almost complex structure of noncomplex type on uα ⊕ u
∗
α might be obtained by
applying a B-transformation to a symplectic form on uα.
Let B ∈
∧2 u∗α. Since our generalized almost complex structures are invariant, we may
consider B = −bS∗α ∧A
∗
α where b ∈ R, thus B =
(
0 b
−b 0
)
a skew-symmetric matrix.
Lemma 5.4. A B-transformation of an invariant generalized almost complex structure of sym-
plectic type on uα ⊕ u
∗
α may produce an invariant generalized structure of noncomplex type.
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Proof. Suppose that Jα is of noncomplex type with aα = 0, that is, Jα has the form given in
Remark 5.3. Thus, we get a new invariant generalized almost complex structure on uα ⊕ u
∗
α of
type k = 0 as follows.
e−BJαe
B =
(
−ω−1α B −ω
−1
α
ωα +Bω
−1
α B Bω
−1
α
)
=
 bxα 0 0 −xα0 bxα xα 00 −b2xα − 1/xα −bxα 0
b2xα + 1/xα 0 0 −bxα
.
Therefore, setting aα = bxα and yα = b
2xα + 1/xα we obtain
e−BJαe
B =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα
,
with aα, xα, yα ∈ R such that a
2
α = xαyα − 1. 
Motivated by Lemma 5.4 we set up the following notation.
Notation 5.5. Let Jα = Jα be an invariant generalized almost complex structure of noncom-
plex type on uα ⊕ u
∗
α as in Remark 3.3. We will denote by
Jωα :=

0 0 0 −xα
0 0 xα 0
0 −1/xα 0 0
1/xα 0 0 0
 ,
and call it the invariant generalized almost complex structure of symplectic type induced by
Jα.
As consequence of Lemma 5.4 all invariant generalized almost complex structures on uα⊕ u
∗
α
of noncomplex type are actually B-symplectic generalized almost complex structures.
Proposition 5.6. Let α be a positive root. Given an invariant generalized almost complex
structure Jα on uα ⊕ u
∗
α of noncomplex type, there exists an invariant B-transformation Bα ∈∧2 u∗α such that
e−BαJωαe
Bα = Jα.
Proof. Suppose Jα =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα
 with a2α = xαyα− 1 and define Bα = −aαxαS∗α ∧A∗α.
Then as in Lemma 5.4, the identity a2α = xαyα − 1 implies that e
−BαJωαe
Bα = Jα. 
Corollary 5.7. Let α be a positive root. Let Jα and J
′
α be two invariant generalized almost
complex structures on uα ⊕ u
∗
α of noncomplex type with
Jα =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα
 and J ′α =
 bα 0 0 −xα0 bα xα 00 −zα −bα 0
zα 0 0 −bα
.
Then, there exists an invariant B-transformation Bα ∈
∧2 u∗α such that
e−BαJαe
Bα = J′α.
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Proof. It is clear that Jωα = J
′
ωα. By Proposition 5.6, there exist Bˆα and B
′
α in
∧2 u∗α such that
eBˆαJαe
−Bˆα = eB
′
αJ
′
αe
−B′α .
As in this case the identity exp(Bˆ + B′) = exp(Bˆ) · exp(B′) holds, we get the result for Bα =
B′α − Bˆα. 
Remark 5.8. By Proposition 5.6 we have that if Jα is of noncomplex type for some α ∈ Π
+, the
subspaces Ukα decomposing the space of forms
∧•(u∗α ⊗C) are given by (see [Ca1])
Ukα = e
Bα+iωαe
−ω
−1
α
2i
∧
n−k(u∗α ⊗ C),
where ωα = −
kα
xα
ωb0 |uα and Bα = −
aα
xα
S∗α ∧ A
∗
α.
Let us now suppose that Jα is of complex type (i.e. type k = 1), namely Jα = ±J0. If
Jα = J0 we have that
Jα =
(
−J0 0
0 J∗0
)
where J0 =
(
0 1
−1 0
)
.
If we apply an invariant B-transform to Jα, we get another invariant generalized almost complex
structure on uα ⊕ u
∗
α of type k = 1. It is easy to check that for every B ∈
∧2 u∗α
e−BJαe
B =
(
−J0 0
0 J∗0
)
= Jα = J0,
because BJ0 + J
∗
0B = 0.
Proposition 5.9. Let α be a positive root. If Jα is an invariant generalized almost complex
structure of complex type on uα ⊕ u
∗
α, then for every B-transformation B ∈
∧2 u∗α
e−BJαe
B = Jα.
In other words, invariant generalized almost complex structures of complex type on uα ⊕ u
∗
α
are fixed points by the B-transformation action.
Remark 5.10. By Proposition 5.9, the subspaces Ukα decomposing the space of forms
∧•(u∗α⊗C)
are given by (see [G1])
Ukα =
⊕
p−q=k
p,q∧
u∗α,
where
∧p,q u∗α is the standard (p, q)-decomposition of forms of a complex space.
We can now describe the effect of B-transformations on Mα.
Proposition 5.11. Let α be a positive root. The set Mα(F) =
Mα
B
of equivalence classes of in-
variant generalized almost complex structures on uα⊕u
∗
α modulo the action of B-transformations
consists of 2 disjoint sets:
ι. a punctured real line R∗ parametrizing structures of symplectic type, and
ιι. 2 extra points ±0 corresponding to ±J0.
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Proof. The structures ±J0 are fixed points of the action by B-transformations. So, we need
only to consider structures of noncomplex type. By Lemma 3.4, structures inMα which are of
noncomplex type are parameterized by a real surface a2α−xαyα = −1 in R
3, and by Proposition
5.6 every point on this surface is the image of an invariant generalized almost complex structure
of symplectic type by a B-transformation determined by xα. Hence the quotient of this real
surface by B-transformations reduces to a punctured line holding the values of xα. Since
by Remark 5.3 we have that invariant generalized almost complex structures of symplectic
type corresponding to parameters xα 6= x
′
α are distinct. So, points on this real line represent
inequivalent classes. 
Remark 5.12. Note that the parameters xα ∈ R
∗ represent structures of noncomplex type Jα,
as in Remark 3.3, and such structures are matrices which have entries 12, 21, 34, and 43 all
zero. Therefore a sequence of structures of noncomplex type can not converge to either one of
the matrices ±J0. As a consequence, the points ±0 are isolated in Mα(F).
5.2. Moduli space. Now we want to use the results obtained in subsection 5.1 for clarifying
which are the effects of the action by B-transformations globally, that is, when we consider
the action on the set of all invariant generalized almost complex structures globally on F. For
simplicity suppose that Π+ = {α1, α2} and let J and J
′ be two invariant generalized almost
complex structure on F. Let us also assume that for j = 1, 2 we have that Jαj and J
′
αj
are of
noncomplex type with
Jαj =
(
Aαj Xαj
Yαj −Aαj
)
and J ′αj =
(
A′αj Xαj
Y ′αj −A
′
αj
)
.
By Corollary 5.7, there exist Bα1 ∈
∧2 u∗α1 and Bα2 ∈ ∧2 u∗α2 invariant B-transformations such
that
e−Bα1Jα1e
Bα1 = J′α1 and e
−Bα2Jα2e
Bα1 = J′α2 .
These identities imply that
J ′αj =
(
Aαj + XαjBj Xαj
−AαjBj −BjAαj + Yαj − BjXαjBj −BjXαj −Aαj
)
=
(
A′αj Xαj
Y ′αj −A
′
αj
)
.
Define B ∈
∧2 n− as B = ( B1 0
0 B2
)
. Setting
J =

Aα1 0 Xα1 0
0 Aα2 0 Xα2
Yα1 0 −Aα1 0
0 Yα2 0 −Aα2
 ,
we get that
e−BJeB =
 1 0 0 00 1 0 0
−B1 0 1 0
0 −B2 0 1

 Aα1 0 Xα1 00 Aα2 0 Xα2
Yα1 0 −Aα1 0
0 Yα2 0 −Aα2

 1 0 0 00 1 0 0B1 0 1 0
0 B2 0 1
 = J′.
Let us now suppose that Jα1 = J
′
α1 = J0 (or −J0) are of complex type and Jα2 and J
′
α2 are of
noncomplex type with
Jα2 =
(
Aα1 Xα2
Yα2 −Aα2
)
, J ′α2 =
(
A′α2 Xα2
Y ′α2 −A
′
α2
)
.
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Denote Jα1 = J
′
α1
=
(
J0 0
0 J0
)
. By Corollary 5.7 and Proposition 5.9 we get that there exist
B1 ∈
∧2 u∗α1 and B2 ∈ ∧2 u∗α2 invariant B-transformations such that
e−B1Jα1e
B1 = J′α1 e
−B2Jα2e
B2 = J′α2 .
Setting
J =

J0 0 0 0
0 Aα2 0 Xα2
0 0 J0 0
0 Yα2 0 −Aα2
 ,
it is easy to check that for B =
(
B1 0
0 B2
)
we obtain
e−BJeB =
 1 0 0 00 1 0 0
−B1 0 1 0
0 −B2 0 1

 J0 0 0 00 Aα2 0 Xα20 0 J0 0
0 Yα2 0 −Aα2

 1 0 0 00 1 0 0B1 0 1 0
0 B2 0 1
 = J′.
When Jα1 = J
′
α1
= −J0 the reasoning is analogous.
Summing up, by an inductive process we have
Theorem 5.13. Let J and J′ be two invariant generalized almost complex structures on F such
that for each α ∈ Π+ the following conditions hold
ι. if Jα is of complex type, then Jα = J
′
α, and
ιι. if Jα is of noncomplex type, then J
′
α is also of noncomplex type with
Jα =
(
Aα Xα
Yα −Aα
)
and J ′α =
(
A′α Xα
Y ′α −A
′
α
)
.
Then there exists an invariant B-transformation B ∈ ∧2(n−)∗ such that
e−BJeB = J′.
Proof. Suppose that Π+ = {α1, · · · , αd}. For each αj ∈ Π
+ with j = 1, 2, · · · , d we set
Jαj =
(
Aαj Xαj
Yαj −Aαj
)
and J′αj =
(
A′αj Xαj
Y ′αj −A
′
αj
)
.
where by hypotheses if Jαj is the complex type, then Jαj = J
′
αj
= ±J0 which implies that
Aαj = A
′
αj
= −Aαj = −A
′
αj
= ±J0 and Xαj = Y
′
αj
= Yαj = 0. Otherwise, if Jαj is of
noncomplex type, then J′αj is also of noncomplex type.
By Corollary 5.7 and Proposition 5.9, for all j = 1, 2, · · · , d there exist B-transformations
Bj ∈
∧2 u∗αj such that
e−BjJαje
Bj = J′αj . (12)
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If we define B ∈
∧2(n−)∗ by B =

B1
B2
. . .
Bd
, then setting
J =

Aα1 Xα1
Aα2 Xα2
. . .
. . .
Aαd Xαd
Yα1 −Aα1
Yα2 −Aα2
. . .
. . .
Yαd −Aαd

,
we get that the identities deduced from (12) imply that e−BJeB = J′. 
Remark 5.14. In Theorem (5.13) we have that B is initially defined on Tb0F = n
−. Thus we can
use the adjoint action on F to define an invariant 2-form B˜ on F as follows. If x = gT ∈ F = U/T
for some g ∈ U we define
B˜x(X(x), Y (x)) = B(Ad(g
−1)∗,xX(x),Ad(g
−1)∗,xY (x)), X(x), Y (x) ∈ TxF.
It is simple to check using the rule chain that B˜ ∈ Ω2(F) is invariant by the adjoint action in
the sense that (Ad(g))∗B˜ = B˜ for all g ∈ U . Analogously, we can define J and J′ on TF such
that they are invariant by (Ad⊕Ad∗)(g) for all g ∈ T and satisfy e−B˜JeB˜ = J′.
We denote byMa(F) the quotient space obtained fromMa module the action by B-transformations
(see Definition 5.1). We also identify ±J0 with the two points ±0.
Corollary 5.15. Suppose that |Π+| = d. Then
Ma(F) =
∏
α∈Π+
Mα(F) = (R
∗ ∪ ±0)α1 × · · · × (R
∗ ∪ ±0)αd ,
where αj ∈ Π
+. Moreover, in the product topology, Ma(F) contains an open dense subset (R
∗)d
parametrizing all invariant generalized almost complex structures of symplectic type and there
are exactly 2d isolated points corresponding to the structures of complex type.
Remark 5.16. If J is an invariant generalized almost complex structure on a maximal flag F
then it is regular in the sense that its type at every point of F is the same that the type at the
origin b0 of F because of invariance.
5.3. Θ-Stratification. Let Σ be a simple root system for g. We now explain how subsets
Θ ⊆ Σ determine families of invariant generalized complex structures in M(F).
Notation 5.17. As shown in Theorem 5.13, every class σ in Ma(F) may be represented by
a vector of the form σ = (σ1, σ2, · · · , σd). If σ is of type k then there exists a k-multi-index
I ⊂ {1, 2, · · · , d} such that σi ∈ {0,−0} for all i ∈ I and σi ∈ R
∗ for i /∈ I (d − k elements
satisfies this).
Consider Θ ⊆ Σ containing r = |Θ| elements. Let J be an invariant generalized complex
structure on F that is of noncomplex type for each α ∈ 〈Θ〉+ and of complex type for each
α ∈ Π+\〈Θ〉+ as in Theorem 3.8. Then J is of type k = d − |〈Θ〉+|. Another invariant
generalized complex structure on F which is equivalent to J, that is, which belongs to the same
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B-field transformation orbit, has the same type as J, see Remark 5.2. Therefore, the type k is
well defined for classes in Ma(F) and for classes in M(F).
Let σ be the vector that represents J. We wish to consider the subset of M(F) formed by all
classes of type k which have the same σi entries for all i ∈ I. Since every element in 〈Θ〉
+ is the
sum of elements in Θ, second equation of (10) implies that the number of independent entries
{σi : i /∈ I} is r, and these are free to vary inside (R
∗)r, thus forming r-dimensional families of
invariant generalized complex on F of type k.
Lemma 5.18. Every subset Θ ⊆ Σ with r = |Θ| determines an r-dimensional family inside
M(F) of invariant generalized complex structures on F of type k = d− |〈Θ〉+|.
We will call to these r-dimensional families Θ-cells. In particular, if Θ = ∅ we get points
which represent invariant generalized complex structures of complex type and if Θ = Σ with
r = |Σ| we get an r-dimensional family of invariant generalized complex structures of symplectic
type.
Notation 5.19. Fix a choice of positive roots Π+ with corresponding simple root system Σ
and consider all values of i with 1 ≤ i ≤ d. As consequence of Theorems 3.7 and 3.8, there
are standard cells of dimension i obtained by a choice Θ ⊆ Σ of simple positive roots, which
we denote by ci, so that, all Θ-cells of dimension i will be obtained from the standard ones via
the action of the Weyl group. If there are no Θ-cells of a given dimension i, the corresponding
choice of ci is ∅. For each element w in the Weyl group W, we denote by w · ci the Θ-cell
corresponding to w ·Θ ⊂ w · Σ.
It is well known that the Weyl group W acts transitively on Weyl chambers and hence on
the set of simple roots systems of g. Thus, as consequence of Lemma 5.18 and with Notation
5.19 we may give a decomposition of M(F) in Θ-cells as follows:
Theorem 5.20. The moduli space of invariant generalized complex structures on F admits the
following cell decomposition:
M(F) =
d⊔
i=1
⊔
w∈W
w · ci.
5.4. Invariant pure spinor lines. We now exhibit the pure spinor lines associated to invariant
generalized almost complex structures J on F. We will use the following facts:
Remark 5.21. [H],[G1] Suppose that (M, J) and (M ′, J′) are two generalized almost complex
manifolds. Then J⊕ J′ is a generalized almost complex structure on M ×M ′ which satisfies
ι. if L ⊂ TM ⊗C and L′ ⊂ TM ′⊗C are the maximal isotropic subbundles determined by
J and J′, respectively, then the corresponding maximal isotropic subbundle in T(M ×
M ′)⊗C determined by J⊕ J′ is π∗1(L)⊕ π
∗
2(L
′).
ιι. If ϕL and ϕ
′
L′ are pure spinors determined by J and J
′, respectively, then the pure spinor
line determined by J⊕ J′ is generated by π∗1(ϕL) ∧ π
∗
2(ϕ
′
L).
ιιι. The type of J ⊕ J′ is additive, that is, type(J ⊕ J′)(p,q) = type(J)p + type(J
′)q for all
(p, q) ∈M ×M ′.
It is simple to generalize this result to the product of a finite number of generalized almost
complex manifolds, using induction.
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An invariant generalized almost complex structure J : n−⊕ (n−)∗ → n−⊕ (n−)∗ on F may be
written as
J =
⊕
α∈Π+
Jα,
where n− =
⊕
α∈Π+ uα and Jα : uα⊕ u
∗
α → uα⊕ u
∗
α is described in Remark 3.3. The correspond-
ing invariant maximal isotropic subspace of (n− ⊕ (n−)∗) ⊗ C is L =
⊕
α∈Π+ Lα where Lα is
determined by (9). Using Propositions 5.6 and 5.9 we have:
Lemma 5.22. Let α be a positive root.
ι. If Jα is of complex type with Jα = J0 then its invariant pure spinor line is generated
by a (1, 0) form Ωα ∈ ∧
1,0u∗α which defines a complex structure on uα. Otherwise, when
Jα = −J0 we have a pure spinor line generated by Ωα ∈ ∧
0,1u∗α.
ιι. If Jα is of noncomplex type, its invariant pure spinor line is generated by
eBα+iωα,
where Bα = −
aα
xα
S∗α ∧ A
∗
α and ωα = −
kα
xα
ωb0|uα with ωb0 denoting the KKS symplectic
form on n− and kα =
1
2i〈H,Hα〉
.
Let us decompose the set of positive roots as Π+ = Θnc⊔Θc where Jα = Jα is of noncomplex
type for all α ∈ Θnc and Jα = ±J0 is of complex type for all α ∈ Θc.
Remark 5.23. type(J) := type(J)b0 = |Θc|.
Clearly, when Θc = ∅ we get that J is of symplectic type and when Θc = Π
+ we obtain that
J is of complex type. Otherwise, when Θc ⊂ Π
+ we get a generalized almost complex structure
which is neither complex nor symplectic.
Thus, we may explicitly write the invariant pure spinor associated to each invariant general-
ized almost complex structure J as follows.
Proposition 5.24. Let J be an invariant generalized almost complex structure on a maximal
flag F. Then the invariant pure spinor line KL <
∧•(n−)∗ ⊗ C associated to J is generated by
ϕL = e
∑
α∈Θnc
(Bα+iωα)
∧
α∈Θc
Ωα,
where Bα = −
aα
xα
S∗α ∧ A
∗
α and ωα = −
kα
xα
ωb0|uα with kα =
1
2i〈H,Hα〉
for all α ∈ Θnc, and
Ωα ∈ ∧
1,0u∗α defines a complex structure on uα for all α ∈ Θc.
Remark 5.25. As ϕL is initially defined on Tb0F = n
− we can also use invariance to define ϕL
on F as follows. Assume that ϕL ∈
∧k(n−)∗ ⊗ C. Thus, at x = gT ∈ F = U/T for some g ∈ U
we define
ϕ˜Lx(X1(x), · · · , Xk(x)) = ϕL(Ad(g
−1)∗,xX1(x), · · · ,Ad(g
−1)∗,xXk(x)).
In this case ϕ˜L ∈
∧k T ∗F⊗C would be a pure spinor determined by J : TF→ TF which satisfies
(Ad(g))∗ϕ˜L = ϕ˜L for all g ∈ U .
Now we want to give a brief description of the effects of the action by invariantB-transformations
on the space of invariant pure spinors on F. The quotient space that we will get is naturally
isomorphic to Ma(F).
INVARIANT GENERALIZED COMPLEX GEOMETRY ON MAXIMAL FLAG MANIFOLDS 21
Remark 5.26. Let PSpin(M) ⊂
∧• T ∗M ⊗ C denote the set of pure spinors on M . It is simple
to check that the map B × PSpin(M) → PSpin(M) given by eB · ϕ = eBϕ is a well defined
action of B on PSpin(M). Suppose that J and J′ are the generalized almost complex structures
on M associated with the pure spinors ϕ and ϕ′, respectively. Then, it is simple to see that ϕ
and ϕ′ belong to the same orbit by this action if and only if there exists B ∈ Ω2(M) such that
e−BJeB = J′. We will denote by
Ms := PSpin(M)/B
the quotient space of this action. Such quotient space should be naturally isomorphic to the
quotient space Ma of Definition 5.1.
Let us now consider a maximal flag manifold F and let α be a positive root. Denote by
PSpin(F)α the set of invariant elements in PSpin(F) restricted to uα. This set is composed by
those elements described in Lemma 5.22. Using arguments similar to the ones in Proposition
5.11 we get that Corollary 5.7 and Lemma 5.22 imply
Ms(F)α = PSpin(F)α/B = R
∗ ∪ {s, s}.
Here we are representing Ωα by s and Ωα by s. Furthermore, Theorem 5.13 gives:
Proposition 5.27. Suppose that |Π+| = d. Then
Ms(F) =
∏
α∈Π+
Ms(F)α = (R
∗ ∪ {s, s})α1 × · · · × (R
∗ ∪ {s, s})αd.
Observe that in Ms(F)α the classes of pure spinors determined by structures of noncomplex
type are parametrized by R∗. When we consider the limit xα 7→ +∞ we have that both Bα 7→ 0
and ωα 7→ 0. The same is true if xα 7→ −∞. Thus, we get that lim
xα 7→±∞
eBα+iωα = 1. But, in such
case we would obtain ϕL =
∧
α∈Θc Ωα, which does not define a generalized complex structure
on F. On the other hand, clearly the pure spinor ϕL which generates the pure spinor line can
not be zero. So that, here too, we obtain that each for each α we have that s and s are isolated
points. Finally, taking the product topology, we have a natural isomorphisms between Ms(F)
and Ma(F).
6. Invariant generalized Ka¨hler structures
In this section we characterize invariant generalized Ka¨hler structures on F. With this in mind,
first we exhibit invariant generalized almost Ka¨hler structures on F. Given the requirement of
invariance, it suffices to know what happens at the origin b0 of F. We need to find pairs of
commuting invariant generalized almost complex structures (J, J′) such that G := −JJ′ defines
a positive definite metric on n− ⊕ (n−)∗. Hence, we should determine those commuting pairs
(J, J′) such that Gα := −JαJ
′
α defines an inner product on uα ⊕ u
∗
α for every positive root α.
Proposition 6.1. Let J and J′ be invariant generalized almost complex structures on F such
that Jα is of complex type for every positive root α. Then, the pair (J, J
′) defines a generalized
almost Ka¨hler structure on F if and only if J′ = J.
Proof. Suppose that J and J′ are invariant generalized almost complex structures on F such
that Jα is of complex type for every positive root α. The latter implies that then Jα = J0 or
Jα = −J0 for all α ∈ Π
+. Assume that (J, J′) defines a generalized almost Ka¨hler structure on
F. As J′α could only take three cases, namely J
′
α = J0, J
′
α = −J0 or J
′
α is of noncomplex type,
we get the following.
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Firstly, if Jα = J
′
α = J0 or Jα = J
′
α = −J0, it is simple to check that in either case Gα = I4,
is the identity matrix, which clearly defines an inner product on uα ⊕ u
∗
α.
Secondly, if Jα = J0 and J
′
α = −J0 we get that Gα = −I4, which does not define an inner
product on uα ⊕ u
∗
α but it defines an indefinite inner product of index 4. The same result is
obtained if Jα = −J0 and J
′
α = J0.
Thirdly, if Jα = J0 and J
′
α is of noncomplex type with J
′
α = Jα =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα

verifying a2α = xαyα − 1, it is easy to check that J0Jα = JαJ0. That is, J0 commutes with Jα
for all α ∈ Π+. Moreover, we have that the matrix J0Jα is symmetric if and only if aα = 0 and
xα = yα. As a
2
α = xαyα − 1 we conclude that xα = ±1. Thus we get that
Gα = ±
(
0 I2
I2 0
)
.
Since in either of these cases the eigenvalues of Gα are λ1 = λ2 = 1 and λ3 = λ4 = −1 we
get that Gα does not define an inner product on uα ⊕ u
∗
α, instead it defines an indefinite inner
product of signature (2, 2). The same conclusion holds when Jα = −J0 and J
′
α is of noncomplex
type.
Therefore, the only case for which (J, J′) defines an invariant generalized almost Ka¨hler
structure on F is when J = J′.
Conversely, it is easy to see that when J = J′, the fact that Jα is of complex type for every
positive root α implies that G = I4d, where d = |Π
+| denotes the number of positive roots
and I4d is the identity matrix of order 4d. Thus, it is clear that (J, J
′) defines an invariant
generalized almost Ka¨hler structure on F. 
Remark 6.2. We saw in Proposition 6.1 that when Jα = ±J0 and J
′
α is of noncomplex type for
every positive root α, we get two indefinite inner products Gα on uα⊕u
∗
α of signature (2, 2). It is
simple to see that in these cases we obtain Gα = ±〈·, ·〉 where 〈·, ·〉 denotes the Cartan–Killing
form. Therefore, if (J, J′) is a pair of invariant generalized almost complex structures on F such
that for every positive root α we get that Jα is of complex type and J
′
α is of noncomplex type,
we can recover from (J, J′) the initial indefinite inner product on TF of signature (dimF, dimF)
given in (5).
Definition 6.3. Let J be an invariant generalized almost complex structure on F such that
Jα is of noncomplex type. Then, Remark 3.3 shows that Jα can be represented by a matrix
as Jα =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα
 satisfying a2α = xαyα − 1. We call the pair of ratios µ(Jα) =
(µ1, µ2) =
(
xα
yα
,
aα
xα
)
the slope of Jα. In particular, by Remark 5.3 we have that Jα is of
symplectic type precisely when µ2 = 0, that is, when µ(Jα) = (x
2
α, 0).
Lemma 6.4. Let J and J′ be invariant generalized almost complex structures on F, and assume
that, for each positive root α, both Jα and J
′
α are of noncomplex (possibly of symplectic) type.
Then J and J′ commute if and only if all their slopes are equal, that is, µ(Jα) = µ(J
′
α) for all
α ∈ Π+.
Proof. As each invariant generalized almost complex structure J can be written as J =
⊕
α∈Π+ Jα,
it is sufficient to check this for α ∈ Π+ fixed. Let Jα and J
′
α be of noncomplex type. Suppose
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that
Jα =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα
 and J ′α =
 bα 0 0 −wα0 bα wα 00 −zα −bα 0
zα 0 0 −bα
,
where a2α = xαyα − 1 and b
2
α = wαzα − 1. Then we have that JαJ
′
α = J
′
αJα if and only if{
xαzα = wαyα
bαxα = aαwα.
(13)
Since a2α = xαyα − 1 and b
2
α = wαzα − 1, we have that xα, yα, zα, wα are nonzero real numbers.
Therefore, the first equation in (13) gives
µ1(Jα) =
xα
yα
=
wα
zα
= µ1(J
′
α).
For the second equation in (13) there are 2 possible cases:
S. The symplectic case, when aα = bα = 0 which implies using the first equation in (13)
that µ(Jα) = (x
2
α, 0) = (w
2
α, 0) = µ(J
′
α).
NC. The general case, when aα.bα 6= 0, in which case, the second equation in (13) gives
µ2(Jα) =
aα
xα
=
bα
wα
= µ2(J
′
α).

Definition 6.5. Let Jα and J
′
α be of noncomplex (or symplectic) type, described as
Jα =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα
 and J ′α =
 bα 0 0 −wα0 bα wα 00 −zα −bα 0
zα 0 0 −bα
,
where a2α = xαyα − 1 and b
2
α = wαzα − 1. We define their discriminant by
D(Jα, J
′
α) = wαyα − aαbα.
Proposition 6.6. Let J and J′ be 2 commuting invariant generalized almost complex structures
on F, and assume that, for each positive root α, both Jα and J
′
α are of noncomplex (or symplectic)
type. Then the pair (J, J′) defines an invariant almost Ka¨hler structure on F if and only if all
their discriminants are positive, that is, D(Jα, J
′
α) > 0 for all α ∈ Π
+.
Proof. By Lemma 6.4, for each positive root α we obtain that the solutions of the system (13)
are
S. aα = 0, bα = 0 and zα =
wαyα
xα
or
NC. bα 6= 0, aα 6= 0, xα =
aαwα
bα
and zα =
bαyα
aα
.
Therefore we get that Gα = −JαJ
′
α = (wαyα−aαbα)I4, which is clearly symmetric and moreover
it defines an inner product on uα ⊕ u
∗
α if and only if D(Jα, J
′
α) > 0 since all its eigenvalues are
equal to λ = wαyα − aαbα (or λ = wαyα in the symplectic case, that is, when aα = bα = 0).

Notation 6.7. Note that based on Propositions 6.1 and 6.6 there are 3 basic types of generalized
almost Ka¨hler structures on a single space uα ⊕ u
∗
α. These are, complex type, symplectic type,
and generalized noncomplex type, which we will denote by C, S, and NC, respectively.
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An immediate consequence is:
Corollary 6.8. Let α and β be distinct positive roots, and let (J, J′) be a pair of invariant
generalized almost Ka¨hler structures on F. Then one of the following cases occurs:
ι. All of Jα, J
′
α, Jβ, J
′
β are of type C in which case J = J
′.
ιι. Jα = J
′
α are of type C whereas Jβ and J
′
β are both of type S (resp. both of type NC)
and D(Jβ, J
′
β) = wβyβ > 0 (resp. D(Jβ, J
′
β) = wβyβ − aβbβ > 0).
ιιι. Jα and J
′
α are of type S with D(Jα, J
′
α) = wαyα > 0 whereas Jβ and J
′
β are of type NC
with D(Jβ, J
′
β) = wβyβ − aβbβ > 0.
ιν. All of Jα, J
′
α, Jβ, J
′
β are of type S (resp. of type NC) with D(Jα, J
′
α) = wαyα > 0
and D(Jβ, J
′
β) = wβyβ > 0 (resp. D(Jα, J
′
α) = wαyα − aαbα > 0 and D(Jβ, J
′
β) =
wβyβ − aβbβ > 0).
As we mentioned before, when we require that both J and J′ be integrable we get that the pair
(J, J′) determines an invariant generalized Ka¨hler structure on F. Thus, to determine which of
those invariant generalized almost Ka¨hler structures given in Corollary 6.8 are in fact invariant
generalized Ka¨hler structures we need to use Table 1. Among all possible cases there are two
which are quite simple to describe. Firstly, suppose that (J, J′) is an invariant generalized
almost Ka¨hler structure such that Jα and J
′
α are of type C for every positive root α. Then the
pair (J, J′) is integrable if and only if for every triple of positive roots (α, β, α+β) we have that
(Jα, Jβ, Jα+β) corresponds to one of the first three rows of Table 1. Secondly, assume that (J, J
′)
is such that Jα and J
′
α of type S for every positive root α. In this case (J, J
′) is an invariant
generalized Ka¨hler structure if and only if for every triple of positive roots (α, β, α + β), the
triples (Jα,Jβ,Jα+β) and (J
′
α,J
′
β,J
′
α+β) satisfy the system{
xαxβ − xαxα+β − xβxα+β = 0
wαwβ − wαwα+β − wβwα+β = 0.
For those invariant generalized almost Ka¨hler structures (J, J′) that are of type NC for all
α ∈ Π+ or those mentioned in Corollary 6.8, the analysis is a bit more complicated. This is
because we must look at both Table 1 and system (10).
Recall that given Θ a subset of roots, we denote by 〈Θ〉 the subspace generated by Θ.
Corollary 6.9. Let (J, J′) be an invariant generalized Ka¨hler structure on F. Then there exist
a simple root system Σ for g and a subset Θ ⊆ Σ such that Jα and J
′
α are simultaneously of
noncomplex type for each α ∈ 〈Θ〉+ and of complex type for each α ∈ Π+\〈Θ〉+.
Proof. Suppose that (J, J′) is an invariant generalized Ka¨hler structure on F. As a consequence
of Propositions 6.1 and 6.6, we get that for each positive root α both invariant generalized
complex structures Jα and J
′
α must be either of complex type or of noncomplex type. As J
is integrable, Theorem 3.7 implies that there exist a simple root system Σ for g and a subset
Θ ⊆ Σ such that Jα is of noncomplex type for all α ∈ 〈Θ〉
+ and Jα is of complex type for
α ∈ Π+\〈Θ〉+. Therefore, the fact that Jα and J
′
α have the same type for all α imply that J
′
α is
of noncomplex type for all α ∈ 〈Θ〉+ and J′α is of complex type for α ∈ Π
+\〈Θ〉+ as well. 
Remark 6.10. [G2] Let (J, J′) be a generalized almost Ka¨hler structure on M with generalized
Ka¨hler metric G = −JJ′ and B ∈ Ω2(M). Then the pair (J, J′)B := (e
−BJeB, e−BJ′eB) is again
a generalized almost Ka¨hler structure on M and its respective generalized Ka¨hler metric is
given by GB = e
−BGeB. We will refer to the action eB · (J, J′) = (J, J′)B as diagonal action.
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Definition 6.11. Let Ka ⊂Ma×Ma (resp. K ⊂M×M) be the set of all invariant general-
ized almost Ka¨hler structures (resp. generalized Ka¨hler structures) on a smooth manifold M .
Consider the diagonal action B×Ka → Ka defined as e
B · (J, J′) = (J, J′)B = (e
−BJeB, e−BJ′eB).
The moduli space of generalized almost Ka¨hler structures onM is defined as the quotient space
Ka :=
Ka
B
. Analogously, we define the moduli space of generalized Ka¨hler structures on M as
the quotient space K =
K
Bc
determined by the diagonal action of Bc on K.
We will describe these moduli spaces in the case of invariant generalized Ka¨hler structures
on a maximal flag manifold F.
Notation 6.12. For each positive root α, we will denote by Kα the restriction of Ka to the
subspace uα⊕u
∗
α. Obviously Kα ⊂Mα×Mα. We will also denote by Gα the set of all invariant
generalized Ka¨hler metrics on uα ⊕ u
∗
α.
Corollary 6.13. Let Gα(F) =
Gα
B
be the set of equivalence classes of invariant generalized
metrics on uα ⊕ u
∗
α modulo the action of B-transformations. Then every class in Gα has a
unique element.
Proof. By Propositions 6.1 and 6.6 we have that Kα is composed by pairs of the form (Jα, J
′
α)
whose generalized Ka¨hler metric Gα is given by I4 or D(Jα, J
′
α)I4 where D(Jα, J
′
α) is equal to
wαyα or wαyα− aαbα depending if (Jα, J
′
α) is of type S or type NC. Therefore, it is easy to see
that in both cases (Gα)B = e
−BGαe
B = Gα for all B ∈
∧2 u∗α. 
Lemma 6.14. Let α be a positive root. The subset of Mα(F) × Mα(F) consisting of pairs
(Jα, J
′
α) of commuting invariant generalized almost complex structures on uα ⊕ u
∗
α modulo the
diagonal action by invariant B-transformations consists of 2 disjoint sets:
ι. 2 orthogonal punctured lines R∗ ∪ R∗ parametrizing pairs (Jα,±Jα) of structures of
symplectic type, and
ιι. 4 extra points corresponding to (±J0,±J0).
Proof. If (Jα, J
′
α) is a pair of commuting invariant generalized almost complex structures on
uα ⊕ u
∗
α, so do (Jα, J
′
α)B for all B ∈
∧2 u∗α. Therefore we can impose the commutativity
condition directly on the set of equivalence classes from Proposition 5.11. As up to invariant
B-transformations every class admits an invariant generalized almost complex structure of
symplectic type, we can assume that both Jα and J
′
α are of symplectic type like in Remark 5.3.
Thus, as consequence of Lemma 6.4 we get that x2α = w
2
α and hence xα = ±wα. 
We may identify the set of equivalence classes of pairs of commuting invariant generalized
almost complex structures on uα⊕u
∗
α as the union of the punctured diagonal and the punctured
anti-diagonal in R2 plus 4 point.
Corollary 6.15. Let α be a positive root. The subset Kα(F) :=
Kα
B
of Mα(F)×Mα(F) consisting
of pairs (Jα, J
′
α) of invariant generalized almost Ka¨hler structures on uα⊕u
∗
α modulo the diagonal
action by invariant B-transformations consists of 2 disjoint sets:
ι. 1 punctured real line R∗ parametrizing pairs (Jα, Jα) of structures of symplectic type,
and
ιι. 2 extra points corresponding to (J0,J0) and (−J0,−J0).
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Proof. Assuming again that up to invariant B-transformations every class admits an invari-
ant generalized almost complex structure of symplectic type, Lemma 6.6 implies that a pair
(Jα,±Jα) of those in Lemma 6.14 should have discriminant wαyα > 0. But as in the symplectic
case xαyα = 1, we get that xα and wα must have the same sign. Thus Lemma 6.14 implies that
xα = wα. The reason for which we only have the 2 point (J0,J0) and (−J0,−J0) is given by
Proposition 6.1. 
We denote by Ka(F) the quotient space obtained from Ma(F)×Ma(F) module the diagonal
action by invariant B-transformations (see Definition 6.11). We also denote by ∆∗ = {(x, x) ∈
R2 : x 6= 0} the punctured diagonal in R2 and identify the pairs (J0,J0) and (−J0,−J0) with
(0, 0) and −(0, 0), respectively. So, we immediately obtain
Theorem 6.16. Suppose that |Π+| = d. Then
Ka(F) =
∏
α∈Π+
Kα(F) = (∆
∗ ∪ ±(0, 0))α1 × · · · × (∆
∗ ∪±(0, 0))αd .
As a consequence of what we observed in section 2 we can define a natural action of the Weyl
group W on the set of all invariant generalized Ka¨hler structures on F as follows. For each
w ∈ W and (J, J′) ∈ Ka we define
w · (J, J′) = (w · J, w · J′).
It is simple to check that w · (J, J′) is really well defined, that is, it defines another invariant
generalized Ka¨hler structures on F and by Proposition 4.2:
Proposition 6.17. Let Σ be a simple root system for g with Π+ the corresponding set of positive
roots. If (J, J′) is an invariant generalized Ka¨hler structure on F, then w · (J, J′) defines another
invariant generalized Ka¨hler structure on F.
7. Examples: the cases sl(2,C) and sl(3,C)
In this section we are interested in providing two elementary examples using the root space
decomposition of sl(n,C), see Example 3.2.
Example 7.1. In sl(2,C) we know that Π = {α,−α}. For this case we have that Σ = Π+ = {α}
and F = P1. All invariant generalized almost complex structures on P1 are determined using
either the usual complex structure or the KKS symplectic form ω plus a B-transformation.
Moreover, all these structures are integrable (see [VS]).
ι. If Θ = ∅ we have that J = ±J0. The pairs (J0,J0) and (−J0,−J0) determine invariant
generalized Ka¨hler structures on P1 with generalized metric G = I4.
ιι. If Θ = {α} we have that
J =
 aα 0 0 −xα0 aα xα 00 −yα −aα 0
yα 0 0 −aα
,
with xα, yα, aα ∈ R such that a
2
α = xαyα − 1. The invariant pure spinor line is given by
ϕ = eBα+iωα with ωα = −
kα
xα
ωb0 and Bα = −
aα
xα
S∗α ∧A
∗
α. Also, the invariant generalized
metric associated to an invariant generalized Ka¨hler structure (J, J′) = D(J, J′)I4.
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The module space M(P1) = R∗∪±0. It is simple to check that up to action by the Weyl group
there are two different classes of invariant generalized complex structures on P1, namely, J0 and
Jα with xα > 0. Thus, M(P
1)/W = (0,∞) ∪ 0 and its compactification can be identified with
S1. It is also simple to see that the compactification of moduli space of invariant generalized
Ka¨hler structures up to action by the Weyl group is K(P1)/W = S1.
Example 7.2. Consider sl(3,C). In this case we have that Π = {α, β, α+ β,−α,−β,−α− β}
and F is given by F(1, 2) ⊂ P2 × P2 where
F(1, 2) = {([x1 : x2 : x3], [y1 : y2 : y3]) ∈ P
2 × P2 : x1y1 + x2y2 + x3y3 = 0}.
There are 27 possible configurations of invariant generalized almost complex structures on
F(1, 2) where only 13 of these, which are described by Table 1, are integrable. Up to action by
the Weyl group we have just the following cases
Jα Jβ Jα+β
J0 J0 J0
Jα J0 J0
Jα Jβ Jα+β
where if Jα is of noncomplex type then xα > 0; see Remark 4.3. The moduli space
Ma(F(1, 2)) = (R
∗ ∪±0)× (R∗ ∪±0)× (R∗ ∪ ±0),
and the invariant pure spinor are determined by Proposition 5.24.
Given an invariant Ka¨hler structure (J, J′) on F(1, 2) Corollary 6.9 implies that
ι. if Θ = ∅, the generalized Ka¨hler metric on F(1, 2) is given by G = I12 since both J = J
′
must be of complex type with Jα = J
′
α = J0 or Jα = J
′
α = −J0 for all α ∈ Π
+.
ιι. If Θ = {α}, the generalized Ka¨hler metric on F(1, 2) is given by
G =
(
D(Jα, J′α)I4
I4
I4
)
.
The reasoning is analogous if Θ = {β}.
ιιι. If Θ = {α, β}, we get that 〈Θ〉 = Π+. In this case the invariant generalized almost
Ka¨hler metric on F(1, 2) is is given by
G =
(
D(Jα, J′α)I4
D(Jβ , J
′
β
)I4
D(Jα+β , J
′
α+β
)I4
)
.
The moduli space of invariant generalized almost Ka¨hler structures on F(1, 2) is given by
Ka(F(1, 2)) = (∆
∗ ∪ ±(0, 0))× (∆∗ ∪±(0, 0))× (∆∗ ∪±(0, 0)).
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